: : ;%, PURPOSE-LED
Physica Scripta W fouseomeme &3 PURPOSE LEC
PAPER « OPEN ACCESS You may also like

Simulation of atom trajectories in the original " Sicent recovery of Uranium rom séluton.

. Li Tang, Mingzhe Li, Yishuo Zhang et al.
Stern—Gerlach experiment

- Study of open star clusters using the gaia
DR3: |-poorly studied king 2 and king 5

. X X X A A Haroon, W H Elsanhoury, E A Elkholy

To cite this article: Faraz Mostafaeipour et al 2025 Phys. Scr. 100 045410 etal.

- A novel metaheuristic algorithm: advanced
social memory optimization
Shijie Fan, Ruichen Wang and Kang Su

View the article online for updates and enhancements.

This content was downloaded from IP address 131.215.30.5 on 15/03/2026 at 23:38


https://doi.org/10.1088/1402-4896/adbf6c
https://iopscience.iop.org/article/10.1088/1402-4896/adbf6a
https://iopscience.iop.org/article/10.1088/1402-4896/adbf6a
https://iopscience.iop.org/article/10.1088/1402-4896/adbf6a
https://iopscience.iop.org/article/10.1088/1402-4896/adbf6a
https://iopscience.iop.org/article/10.1088/1402-4896/adbf6a
https://iopscience.iop.org/article/10.1088/1402-4896/adbf71
https://iopscience.iop.org/article/10.1088/1402-4896/adbf71
https://iopscience.iop.org/article/10.1088/1402-4896/adbfd6
https://iopscience.iop.org/article/10.1088/1402-4896/adbfd6

10P Publishing

@ CrossMark

OPENACCESS

RECEIVED
10 September 2024

REVISED
3 March 2025

ACCEPTED FOR PUBLICATION
11 March 2025

PUBLISHED
27 March 2025

Original content from this
work may be used under
the terms of the Creative
Commons Attribution 4.0
licence.

Any further distribution of
this work must maintain
attribution to the
author(s) and the title of
the work, journal citation
and DOL

Phys. Scr. 100 (2025) 045410 https://doi.org/10.1088,/1402-4896 /adbf6c

Physica Scripta

PAPER

Simulation of atom trajectories in the original Stern-Gerlach
experiment

Faraz Mostafaeipour’>’, § Siileyman Kahraman™’ ®, Kelvin Titimbo>’®, Yixuan Tan’ and

Lihong V Wang’

! Division of Physics, Mathematics and Astronomy, California Institute of Technology, Pasadena, CA 91125, United States of America

> Caltech Optical Imaging Laboratory, Andrew and Peggy Cherng Department of Medical Engineering, Department of Electrical
Engineering, California Institute of Technology, 1200 E. California Blvd., MC 138-78, Pasadena, CA 91125, United States of America

* These authors contributed equally.

E-mail: lvw@caltech.edu

Keywords: Stern—Gerlach experiment, semiclassical theory, spin measurement

Abstract

Following a comprehensive analysis of the historical literature, we model the geometry of the Stern—
Gerlach experiment to numerically calculate the magnetic field using the finite-element method.
Using this calculated field and Monte Carlo methods, the semiclassical atomic translational dynamics
are simulated to produce the well-known quantized end-pattern with matching dimensions. The
finite-element method used provides the most accurate description of the Stern—Gerlach magnetic
field and end-pattern in the literature, matching the historically reported values and figures.

1. Introduction

In 1922, Otto Stern and Walther Gerlach reported what is now known as the Stern—Gerlach experiment (SGE), a
fundamental milestone in the development of modern physics [1-3]. Following Stern’s preliminary work on the
kinetic theory of gases and molecular beams [4, 5], the SGE is a significant benchmark as it presented direct proof
for angular momentum quantization [6, 7], confirmed the electron intrinsic spin years later [8], allowed for the
selection of spin-polarized atoms, is the first measurement of atomic ground state properties without electronic
excitation, and led to further research into entanglement, non-classical correlations, and the measurement
problem [9, 10]. As aresult, the SGE has been widely used as an introduction to quantum theory in
contemporary textbooks [11-13].

The three-paper series [1-3] described the deflection of a beam of silver atoms as it traversed a region with an
inhomogeneous magnetic field B. The first of the series set out the preliminary framework, showing
experimental proof of the silver atom’s magnetic moment [1]. A few months later, in the second paper of the
series, they published experimental verification of directional quantization, producing the well-known splitting
patterns seen in figure 1(a) [2]. In the third publication, they improved the precision of their measurements by
addressing uncertainties related to the atomic beam’s distance from the magnet and the strength of the magnetic
field. Maintaining the same experimental apparatus, they measured ‘the magnetic moment of the normal silver
atom in the gaseous state [as] a Bohr magneton’ [3, 14].

Figure 2(a) shows a model of the original SGE. Heated silver atoms effuse from the oven (O), predominantly
propagating along the y-direction. The atoms travel through two collimating apertures (Al and A2), pass
through an inhomogeneous magnetic field gradient generated by two ferromagnetic pole-pieces, and ultimately
deposit on the detector plate (D). The experiment reveals the splitting of the beam into two components along
the zdirection. As shown in figures 2(a)—(b), the upper magnet consists of a blade-shaped pole and the lower
magnet is characterized by its furrowed shape, commonly referred to as the cutting edge (CE) and the trench (T),
respectively. Angular splitting occurs maximally at the center of the magnet along the x-direction and decreases
progressively towards the sides, as depicted in figures 1(a)—(b).

In this work, we present an accurate model of the Stern—Gerlach experiment using the COMSOL
Multiphysics® finite element analysis tool. This approach refines the approximations used in many prior studies,
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Figure 1. Detected end-patterns for B = 0 (top) and B = 0 (bottom). Panels (a) and (c) depict the original patterns reported by Stern
and Gerlach [2]. Panels (b) and (d) present the corresponding simulation results. Inset in (a) provides a representative illustration of
the pattern displaying its length and width attributes reported in [2]. Note that both patterns are to scale. Reproduced from [2], with
permission from Springer Nature.

which often model the magnetic field analytically with simplified assumptions, such as a spatially linear field
dependence [15-18]. The field is sometimes simplified into only a gradient along the quantization axis by only
solving for a subset of the space [19], or by assuming that the force along the other dimension averages to zero
due to rapid precession [20-22]. While such approximations offer valuable insights, they do not always fully
conform to Maxwell’s equations for static fields and may oversimplify the actual field geometry. Additionally, we
conduct a classical Monte Carlo simulation of the atomic trajectories through the accurately modeled field. In
the classical simulation of the trajectories, we assume each atom can occupy one of two discrete states, with the
magnetic moment being either parallel or anti-parallel to the z-direction. This assumption is inspired by
quantum mechanics, where spin measurements along a given axis yield binary outcomes. However, no explicit
mechanism for the reduction of the spin wave function is assumed here; rather, the two-state treatment serves as
asimplification for modeling the experiment. To the best of our knowledge, this work provides the most precise
numerical replication to date of both the original magnetic field and the end-pattern observed in the historical
SGE, providing a valuable complement to the existing literature [23, 24].

2. Simulation

The field properties and the atomic trajectories are modeled based on the historically accurate features and
parameters derived from the original 1922 SGE papers [1-3] and subsequent review studies [10, 14, 25, 26].

2.1.Modeling the magnetic field

Finite-element analysis is used to calculate the magnetic field B = (B, B, B,) via COMSOL Multiphysics® [27].
The three-dimensional geometry of the magnets have been meticulously reconstructed and matched as closely
as possible to those in the references. In COMSOL, a high-resolution ext reme 1y fine mesh was selected to
enhance the accuracy of the magnetic field gradient.

2
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Figure 2. Modelled Stern—Gerlach experiment. (a) Three-dimensional geometry of our model. O: oven. Al and A2: apertures. CE:
magnet cutting edge. T: magnet trench. D: detector. (b) Cross-section of the magnets in the transverse plane. The blue arrows indicate
the magnetization direction. (c) Cross-section of Aperture 2 (A2) with awidth of w =35 pm and alength of | = 0.8 mm. A rounded
transition with a radius r = 30 jum was applied to smoothen the CE tip.

In figure 2, the reference frame’s origin is centered at the middle of the magnets. The magnets, which are
3.5 cmin length, extend along the y-axis from y = — 1.75 to 1.75 cm. The magnets’ cross-section is shown in
figure 2(b). The trench of the lower magnet has a depth of 5 mm and a width of 1.5 mm. The CE tip of the upper
magnet converges to the point (x, z) = (0, 0), features a wedge angle of 640, and sits 1 mm above the top of the
trench. The described cut-plane geometry is modeled after the experimental schematic presented in the original
report [2]. The magnets are assumed to have a relative permeability of 11/ 11y = 400, where 4 is the vacuum
magnetic permeability, and a magnetization of 253 kA/m in the + z-direction.

Non-smooth corners can introduce numerical inaccuracies in finite element analysis, particularly in regions
of interest where magnetic field gradients are crucial. To mitigate such inaccuracies near the CE tip, we applied a
rounded transition with a radius of 30 pm to smooth the corner, as shown in figure 2(c). The precise shape of the
CE tip is significant, as its proximity to the atomic trajectories means that any singularity in the magnetic field
gradient can result in inaccuracies in the simulated trajectories.

As shown in figure 2(a), the oven O is placed aty = — 7.65 cm along the propagation direction. A circular
aperture, Al, with a diameter of 31 pm, is positioned 2.50 cm away at y = — 5.15 cm. The original SGE papers
describe A2 as a slit-shaped aperture with a length of 0.8 mm and a width of 3040 pm, positioned 3.35 cm away
from A1, directly in front of the SG magnets (at y = — 1.80 cm). The oven, O, and the apertures, Al and A2,
define the trajectory of the beam, which is centered at (x, z) = (0, z.) in the transverse plane. Because beam
deflection before the magnets is negligible, z. describes the vertical distance between the CE tip and the atomic
beam at the entrance of the magnets (see figure 2(c)). The detector plate D is placed immediately after the
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Figure 3. (Red line) Gradient of the magnetic field along the z axis calculated using the finite element method. The same gradient is
(blue dashed line) theoretically modeled and (black crosses) experimentally measured by Stern and Gerlach [3].
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Figure 4. Cross-section of the magnetic field on the (a) yz plane at x = 0 and (b) xz plane at y = 0. The magnets are in grey, and the
magnetic field lines are in black. The blue dashed line indicates the center of the atomic beam, z,, at the entrance.

magnets at y = 1.8 cm. The scale and geometry of the simulation components are calculated in accordance with
the literature [2, 14, 25].

In the absence of a magnetic field gradient, it is expected that the shape of the end-pattern on the detector
plate is a scaled projection of the A2 shape, as illustrated in figure 1(c). Based on this, and lacking a precise
description, we modeled A2 as an eye-shaped aperture [28] to closely approximate the reported zero-field

(B =0) end-pattern length and width [2]. Thus, the contour of the aperture is defined as the intersection of the
two parabolae:

Lo =242 F 2, —2<x< M

with /= 0.8 mm and w = 35 pm as shown in figure 2(c), and produces the simulated pattern depicted in
figure 1(d).

Because there is no reference to the magnitude of the magnetic field that Stern and Gerlach specifically used
for the reported pattern, we adjusted the field strength such that 9B: as a function of zmatches the reported

4
experimental values from the third 1922 SGE paper [3]. The theoretical model and experimental measurements

of ‘ZBZ presented in [3] closely align with the COMSOL simulations shown in figure 3.

The COMSOL-simulated magnetic field cross-sections on the xz plane at y = 0 and the yz plane at x = 0 are
shown in figure 4. Additionally, the variation of the magnitudes of the magnetic field components along the

propagation axis y at the coordinates (x, z) = (0, z. = — 0.22 mm) are presented in figure 5. The non-trivial field
depicted in the figures is divergence-free up to the numerical accuracy.

4
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Figure 5. Intensity of the magnetic field components: B, (blue), B, (red), and B, (green) along the propagation axis (0, y, z.). The
shaded area indicates the location of the magnets. Due to symmetry, we have B, = 0. Because V - B =0, B, shows small fluctuations
near the ends of the magnets.

2.2. Atomic trajectories

A Monte Carlo simulation is calculated where N = 107 silver atoms (with atomic mass M = 107.868 Da) are
ejected from the oven’s circular aperture with an area of 1 mm?, populated based on a random radial Gaussian
distribution centered at (x, z,). The atomic translational dynamics are numerically calculated using Euler’s
method based on the classical equation of motion for the neutral atoms in the experiment:

d’r

1
5= 7V (He BO) @

where tis time, r is the position of the atom, g, is the magnetic moment of the electron, B(r) is the magnetic field
at coordinate r. Our simulation code is available online for reference [29].

For simplicity, we assume that the electron magnetic moments are statistically evenly distributed between
parallel and anti-parallel orientations relative to the z-axis immediately upon exiting the oven; no magnetic
moment is assumed to be oriented at an oblique angle. This assumption is equivalent to solving two independent
trajectory equations for each eigenstate for a spin 1/2 [15, 19]. Various descriptions are available in the literature,
but solving two independent equations for each state is widely implemented [10, 16, 18, 19, 30]. For comparison,
atoms with classical unquantized magnetic moments (sampled from an isotropic distribution) are simulated,
yielding an expected continuous end-pattern (see figure A.1 in Appendix A).

The atoms’ initial angular distribution of velocities are sampled from within a solid cone spreading outward
in the positive y-direction with a vertex angle selected such that it fills A1. The speeds are uniformly sampled in
therange | v'| = [625, 750] m s~ . Details about the velocity selection are further outlined in section 3. After
exiting the oven, the atoms travel to the first selecting aperture (A1), and those that pass through continue
towards the second aperture (A2). From A2, the atoms traverse through the magnet and hit the detector plate
placed immediately after the magnet. As previously mentioned, the oven, apertures, and therefore, the atomic
beam are centered at (x, z) = (0, zz= — 0.22 mm). This choice is based on the study of different end-patterns as
illustrated in figure 6. The simulation does not consider reflections off the magnets and disables particles that
interact with the apertures, magnets, and surrounding environment.

An alternative assumption for calculating the trajectories is that the magnetic moment adiabatically follows
the local field direction, instead of remaining fixed along the z axis. Since the magnetic field from the main pole
pieces varies gradually, with a rotation frequency less than the Larmor frequency, adiabatic evolution isa
reasonable assumption, provided there are no additional magnetic field sources along the flight path that could
induce non-adiabatic transitions. In Appendix B, we simulate the trajectories under this assumption and present
the resulting end-pattern in figure B. 1. The results indicate that the final distribution remains largely unchanged
compared to the case where spins remain trivially aligned along the z-axis.

3. Discussion

As shown in figure 3, the simulated magnetic field gradients agree with the experimentally reported values in the
literature. Additionally, the selection of z. = — 0.22 mm ensures that B, as seen in figure 5, is close to the
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Figure 6. End-patterns for different distances between the apertures and the upper magnet, z.. Atoms traveling closer to the CE tip of
the upper magnet experience stronger field gradients.

magnetic field strength of ~ 1.65 T reported in a later publication by Stern and Gerlach [25]. Moreover, the
resulting atomic distribution on the screen replicates the characteristic pattern observed in the original
experiment. From the simulations, we find that variations in the trench depth do not alter the magnetic field
enough to significantly change the end-patterns. Based on a thorough review of the available literature and the
results presented here, this work provides the most detailed and comprehensive numerical reconstruction of the
magnetic field used in the original Stern—Gerlach experiment.

Asshown in figure 1, Stern and Gerlach measured the minimum splitting d.,, = 0.11 mm, the average
splitting bey, = 0.2 mm, and the pattern length L, = 1.1 mm [2]. From the description of the original SGE,
several variables, such as z.and propagation velocities, remain historically unknown and can be tuned within an
appropriate range to match the end-pattern in [2].

As the SGE was an experimental consequence of Stern’s preliminary work on molecular velocity
measurements, the methodology for producing the atomic silver beam is similar. The approach is based on
heating a silver wire to its melting point, causing it to evaporate under vacuum, thus creating an isotropic
propagation of atoms. This atomic cloud is then collimated into a beam as it passes through a series of
consecutive apertures. Placing a cold metal plate along the beam path causes the vapor to condensate on the
detector [14]. While the original SGE setup utilized a silver-loaded clay furnace for more stability over time, the
fundamental principle of emission remains the same [25, 28]. The melting temperature of silver is 1235 K [31]
and the original SGE reports an oven temperature of 1323 K [25]. By using the speed distribution for molecular

2 2
beams ( p(v) = %(k%) v exp [ — %] ) for a given temperature T, we obtain the root-mean-squared speed

Vims = +4ky T /M, where k;, is the Boltzmann constant [4, 5, 32]. The temperature and the corresponding root-
mean-squared speed provide a feasible range for the simulated speed distribution.

From our simulation, we found that the maximum and minimum speeds selected from the distribution are
correlated to the minimum splitting and average splitting values, respectively. We assume a uniform speed
distribution and reverse engineer the bounds within the feasible range to match the observed end-pattern. This
assumption is reasonable, as Stern and Gerlach noted the difficulty in developing the detector film since the
deposited silver was too thin to see with the naked eye, requiring long irradiation times (eight hours) [2, 33].
Anecdotally, the silver atoms deposited on the detector remained invisible until Gerlach, after smoking a bad
cigar, accidentally breathed on the film [33]. This reaction, converting the sparse silver atoms (approximately
onelayer at 10'° atoms/cm?) to silver sulfide, may have introduced a thresholding effect in the visibility of silver

6
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Figure 7. End-pattern for an ensemble of atoms colored according to their initial speeds in the y direction, v,,.

sulfide crystal structures. Furthermore, several other factors in the experiment or photograph processing not
modeled here may have led to binarization. Since the locations on the detector and the deposited atom densities
are correlated closely with the speeds of the silver atoms, we apply speeds within the chosen upper and lower
limits. Selecting v, = 750 m/s and vp,;,, = 625 m/s yields a simulated ag;,,, = 0.11 mm and bg;,,, = 0.2 mm,
which is in good accordance with the above-mentioned modified Maxwellian speed distribution. In reference to
figures 1(c)—(d), the SGE reports the width of the pattern at its widest point in zero-field conditions as 0.10 mm,
which is consistent with our simulation [2].

For a given propagation speed, there is an associated pattern with a given splitting distance. Lower speeds
yield longer flight time to interact with the magnets, thus splitting more. As a result, the final shape is an
accumulation of these sub-patterns following the speed distribution. The end-pattern associated with atoms
traveling at speeds in the range between v,,;;, and v, are shown in figure 7. Distinct color bands are seen for the
given speeds, where the overlap is explained due to the initial angular distribution of velocities.

In figure 1, the simulated pattern’s length Lg;,,, exceeds that of the experimental pattern, with
Lgim/ Lexp = 1.55. The length of the pattern is determined by the initial angular distribution of velocities and
divergence from a collimated beam. In our simulation, the angular distribution and the divergence are governed
by the geometries of O, A1, and A2. However, to explain this discrepancy, the historical pictures of the full SG
apparatus are helpful, showing a series of uncharacterized slits and apertures between O and A1 (see [14, 25]).
These additional apertures reduce the angular deviations and shorten the length of the pattern. In support of this
assumption, we placed a third aperture to test the effect of additional collimators and observed a reduced length
matching the experimental length while maintaining the shape of the pattern. Because additional apertures are
not detailed in the SGE papers, we omitted them for the final pattern.

4, Conclusion

In summary, we modeled the SGE based on the properties, dimensions, and geometries from the historical
papers and subsequent review studies. The field properties are calculated using the COMSOL Multiphysics®
finite element analysis tool. We obtained a magnetic field and gradient agreeing with experimentally reported
values. Using this field, we employed a Monte Carlo method to model the atomic trajectories and generated the
end-pattern. To the best of our knowledge, the simulations of the magnetic field and the resulting end-pattern
represent the most accurate numerical descriptions of the original SGE to date.
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Appendix A End-pattern without quantization

When the magnetic moment of the valence electron of the silver atom is not considered quantized, the expected
observation on the detection plate is shown in figure A.1. No splitting is observed.
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Figure A.1. Classical end-pattern for an ensemble of atoms with a non-quantized magnetic moment sampled from an isotropic
distribution.

Appendix B End-pattern with adiabatic spin rotation

When the magnetic moment is assumed to adiabatically rotate following the local field direction, the expected
pattern, shown in figure B.1, closely resembles the pattern observed when the magnetic moment is fixed parallel
or antiparallel to the z-direction. In other words, the trajectories are minimally altered in regions where the
direction of the field deviates from z.

For individual atoms, the change in the final position due to adiabatic spin rotation have been calculated. On
average, the final positions approximately shift 10 pm in the x-direction and 3 pm in the z-direction, resulting in
only minor differences in the pattern of the scale of hundreds of micrometers. Hence, assuming that the
magnetic moment vectors remain fixed along the z-direction is reasonable.
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Figure B.1. End-pattern for an ensemble of atoms, assuming the magnetic moment adiabatically follows the local field direction.
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