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Abstract
Following a comprehensive analysis of the historical literature, wemodel the geometry of the Stern–
Gerlach experiment to numerically calculate themagneticfield using the finite-elementmethod.
Using this calculated field andMonteCarlomethods, the semiclassical atomic translational dynamics
are simulated to produce thewell-known quantized end-patternwithmatching dimensions. The
finite-elementmethod used provides themost accurate description of the Stern–Gerlachmagnetic
field and end-pattern in the literature,matching the historically reported values andfigures.

1. Introduction

In 1922,Otto Stern andWaltherGerlach reportedwhat is now known as the Stern–Gerlach experiment (SGE), a
fundamentalmilestone in the development ofmodern physics [1–3]. Following Stern’s preliminarywork on the
kinetic theory of gases andmolecular beams [4, 5], the SGE is a significant benchmark as it presented direct proof
for angularmomentumquantization [6, 7], confirmed the electron intrinsic spin years later [8], allowed for the
selection of spin-polarized atoms, is thefirstmeasurement of atomic ground state properties without electronic
excitation, and led to further research into entanglement, non-classical correlations, and themeasurement
problem [9, 10]. As a result, the SGEhas beenwidely used as an introduction to quantum theory in
contemporary textbooks [11–13].

The three-paper series [1–3]described the deflection of a beamof silver atoms as it traversed a regionwith an
inhomogeneousmagnetic fieldB. Thefirst of the series set out the preliminary framework, showing
experimental proof of the silver atom’smagneticmoment [1]. A fewmonths later, in the second paper of the
series, they published experimental verification of directional quantization, producing thewell-known splitting
patterns seen infigure 1(a) [2]. In the third publication, they improved the precision of theirmeasurements by
addressing uncertainties related to the atomic beam’s distance from themagnet and the strength of themagnetic
field.Maintaining the same experimental apparatus, theymeasured ‘themagneticmoment of the normal silver
atom in the gaseous state [as] a Bohrmagneton’ [3, 14].

Figure 2(a) shows amodel of the original SGE.Heated silver atoms effuse from the oven (O), predominantly
propagating along the y-direction. The atoms travel through two collimating apertures (A1 andA2), pass
through an inhomogeneousmagnetic field gradient generated by two ferromagnetic pole-pieces, and ultimately
deposit on the detector plate (D). The experiment reveals the splitting of the beam into two components along
the zdirection. As shown infigures 2(a)–(b), the uppermagnet consists of a blade-shaped pole and the lower
magnet is characterized by its furrowed shape, commonly referred to as the cutting edge (CE) and the trench (T),
respectively. Angular splitting occursmaximally at the center of themagnet along the x-direction and decreases
progressively towards the sides, as depicted in figures 1(a)–(b).

In this work, we present an accuratemodel of the Stern–Gerlach experiment using theCOMSOL
Multiphysics®finite element analysis tool. This approach refines the approximations used inmany prior studies,
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which oftenmodel themagnetic field analytically with simplified assumptions, such as a spatially linearfield
dependence [15–18]. Thefield is sometimes simplified into only a gradient along the quantization axis by only
solving for a subset of the space [19], or by assuming that the force along the other dimension averages to zero
due to rapid precession [20–22].While such approximations offer valuable insights, they do not always fully
conform toMaxwell’s equations for staticfields andmay oversimplify the actualfield geometry. Additionally, we
conduct a classicalMonte Carlo simulation of the atomic trajectories through the accuratelymodeled field. In
the classical simulation of the trajectories, we assume each atom can occupy one of two discrete states, with the
magneticmoment being either parallel or anti-parallel to the z-direction. This assumption is inspired by
quantummechanics, where spinmeasurements along a given axis yield binary outcomes.However, no explicit
mechanism for the reduction of the spinwave function is assumed here; rather, the two-state treatment serves as
a simplification formodeling the experiment. To the best of our knowledge, this work provides themost precise
numerical replication to date of both the originalmagnetic field and the end-pattern observed in the historical
SGE, providing a valuable complement to the existing literature [23, 24].

2. Simulation

Thefield properties and the atomic trajectories aremodeled based on the historically accurate features and
parameters derived from the original 1922 SGEpapers [1–3] and subsequent review studies [10, 14, 25, 26].

2.1.Modeling themagneticfield
Finite-element analysis is used to calculate themagnetic fieldB= (Bx,By,Bz) via COMSOLMultiphysics® [27].
The three-dimensional geometry of themagnets have beenmeticulously reconstructed andmatched as closely
as possible to those in the references. InCOMSOL, a high-resolutionextremelyfinemeshwas selected to
enhance the accuracy of themagnetic field gradient.

Figure 1.Detected end-patterns forB≠ 0 (top) andB= 0 (bottom). Panels (a) and (c) depict the original patterns reported by Stern
andGerlach [2]. Panels (b) and (d) present the corresponding simulation results. Inset in (a) provides a representative illustration of
the pattern displaying its length andwidth attributes reported in [2]. Note that both patterns are to scale. Reproduced from [2], with
permission from SpringerNature.
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Infigure 2, the reference frame’s origin is centered at themiddle of themagnets. Themagnets, which are
3.5 cm in length, extend along the y-axis from y=− 1.75 to 1.75 cm. Themagnets’ cross-section is shown in
figure 2(b). The trench of the lowermagnet has a depth of 5 mmand awidth of 1.5 mm.TheCE tip of the upper
magnet converges to the point (x, z)= (0, 0), features awedge angle of 64o, and sits 1 mmabove the top of the
trench. The described cut-plane geometry ismodeled after the experimental schematic presented in the original
report [2]. Themagnets are assumed to have a relative permeability ofμ/μ0= 400, whereμ0 is the vacuum
magnetic permeability, and amagnetization of 253 kA/m in the + z-direction.

Non-smooth corners can introduce numerical inaccuracies infinite element analysis, particularly in regions
of interest wheremagnetic field gradients are crucial. Tomitigate such inaccuracies near theCE tip, we applied a
rounded transitionwith a radius of 30 mmto smooth the corner, as shown infigure 2(c). The precise shape of the
CE tip is significant, as its proximity to the atomic trajectoriesmeans that any singularity in themagnetic field
gradient can result in inaccuracies in the simulated trajectories.

As shown infigure 2(a), the ovenO is placed at y = − 7.65 cm along the propagation direction. A circular
aperture, A1, with a diameter of 31 mm, is positioned 2.50 cm away at y=− 5.15 cm. The original SGE papers
describe A2 as a slit-shaped aperture with a length of 0.8 mmand awidth of 30–40 μm, positioned 3.35 cm away
fromA1, directly in front of the SGmagnets (at y=− 1.80 cm). The oven,O, and the apertures, A1 andA2,
define the trajectory of the beam,which is centered at (x, z)= (0, zc) in the transverse plane. Because beam
deflection before themagnets is negligible, zc describes the vertical distance between theCE tip and the atomic
beamat the entrance of themagnets (seefigure 2(c)). The detector plateD is placed immediately after the

Figure 2.Modelled Stern–Gerlach experiment. (a)Three-dimensional geometry of ourmodel. O: oven. A1 andA2: apertures. CE:
magnet cutting edge. T:magnet trench. D: detector. (b)Cross-section of themagnets in the transverse plane. The blue arrows indicate
themagnetization direction. (c)Cross-section of Aperture 2 (A2)with awidth ofw= 35 mmand a length of l = 0.8 mm.A rounded
transitionwith a radius r= 30 mmwas applied to smoothen theCE tip.
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magnets at y= 1.8 cm. The scale and geometry of the simulation components are calculated in accordance with
the literature [2, 14, 25].

In the absence of amagnetic field gradient, it is expected that the shape of the end-pattern on the detector
plate is a scaled projection of the A2 shape, as illustrated infigure 1(c). Based on this, and lacking a precise
description, wemodeledA2 as an eye-shaped aperture [28] to closely approximate the reported zero-field
(B= 0) end-pattern length andwidth [2]. Thus, the contour of the aperture is defined as the intersection of the
two parabolae:

( ) ( )/ /f x
w

l
x z

w
l x l

2

2
, 2 2, 1z c, 2

2=  + -  

with l= 0.8 mmandw= 35 mmas shown infigure 2(c), and produces the simulated pattern depicted in
figure 1(d).

Because there is no reference to themagnitude of themagnetic field that Stern andGerlach specifically used
for the reported pattern, we adjusted the field strength such that B

z
z¶

¶
as a function of zmatches the reported

experimental values from the third 1922 SGEpaper [3]. The theoreticalmodel and experimentalmeasurements
of B

z
z¶

¶
presented in [3] closely alignwith theCOMSOL simulations shown infigure 3.

TheCOMSOL-simulatedmagnetic field cross-sections on the xz plane at y= 0 and the yz plane at x= 0 are
shown infigure 4. Additionally, the variation of themagnitudes of themagnetic field components along the
propagation axis y at the coordinates (x, z)= (0, zc=− 0.22 mm) are presented infigure 5. The non-trivial field
depicted in the figures is divergence-free up to the numerical accuracy.

Figure 3. (Red line)Gradient of themagnetic field along the z axis calculated using the finite elementmethod. The same gradient is
(blue dashed line) theoreticallymodeled and (black crosses) experimentallymeasured by Stern andGerlach [3].

Figure 4.Cross-section of themagnetic field on the (a) yz plane at x= 0 and (b) xz plane at y= 0. Themagnets are in grey, and the
magnetic field lines are in black. The blue dashed line indicates the center of the atomic beam, zc, at the entrance.
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2.2. Atomic trajectories
AMonteCarlo simulation is calculatedwhereN= 107 silver atoms (with atomicmassM= 107.868 Da) are
ejected from the oven’s circular aperture with an area of 1 mm2, populated based on a random radial Gaussian
distribution centered at (x, zc). The atomic translational dynamics are numerically calculated using Euler’s
method based on the classical equation ofmotion for the neutral atoms in the experiment:

( · ( )) ( )
t M

r
B r

d

d

1
2e

2

2
 m= - -

where t is time, r is the position of the atom,μe is themagneticmoment of the electron,B(r) is themagneticfield
at coordinate r. Our simulation code is available online for reference [29].

For simplicity, we assume that the electronmagneticmoments are statistically evenly distributed between
parallel and anti-parallel orientations relative to the z-axis immediately upon exiting the oven; nomagnetic
moment is assumed to be oriented at an oblique angle. This assumption is equivalent to solving two independent
trajectory equations for each eigenstate for a spin 1/2 [15, 19]. Various descriptions are available in the literature,
but solving two independent equations for each state is widely implemented [10, 16, 18, 19, 30]. For comparison,
atomswith classical unquantizedmagneticmoments (sampled from an isotropic distribution) are simulated,
yielding an expected continuous end-pattern (seefigure A.1 inAppendix A).

The atoms’ initial angular distribution of velocities are sampled fromwithin a solid cone spreading outward
in the positive y-directionwith a vertex angle selected such that itfills A1. The speeds are uniformly sampled in
the range ∣ ∣ [ ]v 625, 750 m s 1 = - . Details about the velocity selection are further outlined in section 3. After
exiting the oven, the atoms travel to the first selecting aperture (A1), and those that pass through continue
towards the second aperture (A2). FromA2, the atoms traverse through themagnet and hit the detector plate
placed immediately after themagnet. As previouslymentioned, the oven, apertures, and therefore, the atomic
beamare centered at (x, z)= (0, zc=− 0.22 mm). This choice is based on the study of different end-patterns as
illustrated infigure 6. The simulation does not consider reflections off themagnets and disables particles that
interact with the apertures,magnets, and surrounding environment.

An alternative assumption for calculating the trajectories is that themagneticmoment adiabatically follows
the localfield direction, instead of remaining fixed along the z axis. Since themagnetic field from themain pole
pieces varies gradually, with a rotation frequency less than the Larmor frequency, adiabatic evolution is a
reasonable assumption, provided there are no additionalmagneticfield sources along the flight path that could
induce non-adiabatic transitions. In Appendix B, we simulate the trajectories under this assumption and present
the resulting end-pattern infigure B.1. The results indicate that the final distribution remains largely unchanged
compared to the case where spins remain trivially aligned along the z-axis.

3.Discussion

As shown infigure 3, the simulatedmagnetic field gradients agreewith the experimentally reported values in the
literature. Additionally, the selection of zc=− 0.22 mmensures thatBz, as seen infigure 5, is close to the

Figure 5. Intensity of themagneticfield components:Bz (blue),By (red), andBx (green) along the propagation axis (0, y, zc). The
shaded area indicates the location of themagnets. Due to symmetry, we haveBx= 0. Because ∇ ·B= 0,By shows smallfluctuations
near the ends of themagnets.
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magnetic field strength of ∼ 1.65 T reported in a later publication by Stern andGerlach [25].Moreover, the
resulting atomic distribution on the screen replicates the characteristic pattern observed in the original
experiment. From the simulations, we find that variations in the trench depth do not alter themagnetic field
enough to significantly change the end-patterns. Based on a thorough review of the available literature and the
results presented here, this work provides themost detailed and comprehensive numerical reconstruction of the
magnetic field used in the original Stern–Gerlach experiment.

As shown infigure 1, Stern andGerlachmeasured theminimum splitting aexp= 0.11 mm, the average
splitting bexp= 0.2 mm, and the pattern length Lexp= 1.1 mm [2]. From the description of the original SGE,
several variables, such as zc and propagation velocities, remain historically unknown and can be tunedwithin an
appropriate range tomatch the end-pattern in [2].

As the SGEwas an experimental consequence of Stern’s preliminary work onmolecular velocity
measurements, themethodology for producing the atomic silver beam is similar. The approach is based on
heating a silver wire to itsmelting point, causing it to evaporate under vacuum, thus creating an isotropic
propagation of atoms. This atomic cloud is then collimated into a beam as it passes through a series of
consecutive apertures. Placing a coldmetal plate along the beampath causes the vapor to condensate on the
detector [14].While the original SGE setup utilized a silver-loaded clay furnace formore stability over time, the
fundamental principle of emission remains the same [25, 28]. Themelting temperature of silver is 1235 K [31]
and the original SGE reports an oven temperature of 1323 K [25]. By using the speed distribution formolecular

beams ( )( )p v v expM

k T

Mv

k T

1

2

2
3

2b b

2

= -⎛
⎝

⎡⎣ ⎤⎦
⎞
⎠
for a given temperatureT, we obtain the root-mean-squared speed

/v k T M4 brms = , where kb is the Boltzmann constant [4, 5, 32]. The temperature and the corresponding root-
mean-squared speed provide a feasible range for the simulated speed distribution.

Fromour simulation, we found that themaximumandminimum speeds selected from the distribution are
correlated to theminimum splitting and average splitting values, respectively.We assume a uniform speed
distribution and reverse engineer the boundswithin the feasible range tomatch the observed end-pattern. This
assumption is reasonable, as Stern andGerlach noted the difficulty in developing the detector film since the
deposited silver was too thin to seewith the naked eye, requiring long irradiation times (eight hours) [2, 33].
Anecdotally, the silver atoms deposited on the detector remained invisible until Gerlach, after smoking a bad
cigar, accidentally breathed on thefilm [33]. This reaction, converting the sparse silver atoms (approximately
one layer at 1016 atoms/cm2) to silver sulfide,may have introduced a thresholding effect in the visibility of silver

Figure 6.End-patterns for different distances between the apertures and the uppermagnet, zc. Atoms traveling closer to theCE tip of
the uppermagnet experience stronger field gradients.
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sulfide crystal structures. Furthermore, several other factors in the experiment or photograph processing not
modeled heremay have led to binarization. Since the locations on the detector and the deposited atomdensities
are correlated closely with the speeds of the silver atoms, we apply speedswithin the chosen upper and lower
limits. Selecting vmax= 750 m/s and vmin= 625 m/s yields a simulated asim= 0.11 mmand bsim= 0.2 mm,
which is in good accordance with the above-mentionedmodifiedMaxwellian speed distribution. In reference to
figures 1(c)–(d), the SGE reports thewidth of the pattern at its widest point in zero-field conditions as 0.10 mm,
which is consistent with our simulation [2].

For a given propagation speed, there is an associated patternwith a given splitting distance. Lower speeds
yield longer flight time to interact with themagnets, thus splittingmore. As a result, the final shape is an
accumulation of these sub-patterns following the speed distribution. The end-pattern associatedwith atoms
traveling at speeds in the range between vmin and vmax are shown infigure 7.Distinct color bands are seen for the
given speeds, where the overlap is explained due to the initial angular distribution of velocities.

Infigure 1, the simulated pattern’s length Lsim, exceeds that of the experimental pattern, with
Lsim/Lexp≈ 1.55. The length of the pattern is determined by the initial angular distribution of velocities and
divergence froma collimated beam. In our simulation, the angular distribution and the divergence are governed
by the geometries ofO, A1, andA2.However, to explain this discrepancy, the historical pictures of the full SG
apparatus are helpful, showing a series of uncharacterized slits and apertures betweenO andA1 (see [14, 25]).
These additional apertures reduce the angular deviations and shorten the length of the pattern. In support of this
assumption, we placed a third aperture to test the effect of additional collimators and observed a reduced length
matching the experimental lengthwhilemaintaining the shape of the pattern. Because additional apertures are
not detailed in the SGEpapers, we omitted them for the final pattern.

4. Conclusion

In summary, wemodeled the SGEbased on the properties, dimensions, and geometries from the historical
papers and subsequent review studies. Thefield properties are calculated using theCOMSOLMultiphysicsâ

finite element analysis tool.We obtained amagnetic field and gradient agreeingwith experimentally reported
values. Using thisfield, we employed aMonte Carlomethod tomodel the atomic trajectories and generated the
end-pattern. To the best of our knowledge, the simulations of themagnetic field and the resulting end-pattern
represent themost accurate numerical descriptions of the original SGE to date.

Acknowledgments

Wewould like to thankD. C.Garrett, Z.He, andA. Bengtsson for their insights when discussing this work. This
project has beenmade possible in part by grant number 2020-225832 from theChanZuckerberg InitiativeDAF,
an advised fund of the SiliconValley Community Foundation.

Data availability statement

All data that support thefindings of this study are includedwithin the article (and any supplementary files).
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AppendixAEnd-patternwithout quantization

When themagneticmoment of the valence electron of the silver atom is not considered quantized, the expected
observation on the detection plate is shown infigure A.1. No splitting is observed.

Appendix B End-patternwith adiabatic spin rotation

When themagneticmoment is assumed to adiabatically rotate following the localfield direction, the expected
pattern, shown infigure B.1, closely resembles the pattern observedwhen themagneticmoment isfixed parallel
or antiparallel to the z-direction. In otherwords, the trajectories areminimally altered in regionswhere the
direction of the field deviates from z.

For individual atoms, the change in the final position due to adiabatic spin rotation have been calculated. On
average, thefinal positions approximately shift 10 mm in the x-direction and 3 mm in the z-direction, resulting in
onlyminor differences in the pattern of the scale of hundreds ofmicrometers. Hence, assuming that the
magneticmoment vectors remain fixed along the z-direction is reasonable.
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