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Propagation of polarized light in birefringent turbid
media: A Monte Carlo study
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Abstract. A detailed study, based on a Monte Carlo algorithm, of po-
larized light propagation in birefringent turbid media is presented in
this paper. Linear birefringence, which results from the fibrous struc-
tures, changes the single scattering matrix and alters the polarization
states of photons propagating in biological tissues. Some Mueller ma-
trix elements of light backscattered from birefringent anisotropic tur-
bid media present unusual intensity patterns compared with those for
nonbirefringent isotropic turbid media. This result is in good agree-
ment with the analytic results based on the double-scattering model.
Degree of polarization, Stokes parameters, and diffuse reflectance as
functions of linearly birefringent parameters based on numerical re-
sults and theoretical analysis are discussed and compared in an effort
to understand the essential physical processes of polarized light
propagation in fibrous tissues. © 2002 Society of Photo-Optical Instrumentation
Engineers. [DOI: 10.1117/1.1483315]
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1 Introduction
Because of the potential for practical applications, especially
in noninvasive medical diagnosis, there has been increasin
interest recently in the propagation of polarized light in ran-
domly scattering media. Parameters, such as particle size, pa
ticle shape, particle density, the properties of the backgroun
around the scattering particle, and the polarization states o
incident light, all play important roles in the propagation of
light in turbid media.1–3 It is widely recognized that the po-
larization states of light are altered or weakened after photon
are scattered by small particles in a medium. At the sam
time, because the depolarization of light depends on the pa
rameters of the turbid media as well as the polarization stat
of the incident light, it provides a way to image tumors. For
example, Anderson,4 Jacques et al.,5 Demos, and Alfano6

studied the utilization of backscattered polarized light for the
imaging of tissue structures beneath surface.

It is known in the field of polarimetry that Stokes vectors
and Mueller matrices provide complete representations of th
polarization properties of light and optical samples, respec
tively. Hielscher et al.7 introduced a Stokes vector/Mueller
matrix approach and measured the spatially dependent Mue
ler matrix for diffusely backscattered light. Cameron et al.8

and Rakovic et al.9 compared experimental results with a
Monte Carlo-simulated 16 Mueller matrix elements of light
backscattered from a suspension of polystyrene spheres. Th
proved that there are only seven independent matrix elemen
because some symmetric relations are satisfied by the el
ments of the backscattering matrix. Through theoretical analy
sis, Rakovic and Kattawar10 showed that a double-scattering
model can effectively emulate the spatial patterns of backsca
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tered light obtained from experiments. Yao and Wang11 used a
time-resolved Monte Carlo technique to present the propa
tion of polarized light in turbid media. All of the above studie
were conducted on isotropic turbid media without consider
the birefringent effect on polarizations.

Collagen and muscle fibers are common constituents
many biological tissues. Tissue birefringence results prima
from the linear anisotropy of fibrous structures, which form
the extracellular media. The refractive index of the medium
higher along the length of fibers than that along the cr
section. Propagation of polarized light in a birefringent turb
medium is complicated, because both the birefringent and
scattering effects can change the polarization states of li
Recently, measurements of birefringence using optical co
ence tomography~OCT! were reported by several researc
groups,12–16 where a low-coherence light source was e
ployed and photons traveling in tissue with matched p
lengths were detected for subsurface tissue imaging.

Although the optical characteristics of birefringent tissue
an area of considerable interest in biomedical imaging,
systematic and numerical analysis has been previously m
on the polarization change that occurs in multiply scatte
photons in birefringent turbid media. This paper describes
detailed analysis, based on a Monte Carlo method, of po
ized light propagating in, or backscattered from, birefringe
turbid media. In the second section, we will introduce o
Monte Carlo algorithm based on Mie theory that we use
tracing the photons in birefringent turbid media. A doub
scattering model10 that can be used to predict the backscatt
ing Mueller matrix will be presented for comparison in th
third section. The fourth section will describe simulated ba
scattering matrix patterns based on the Monte Carlo meth
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Fig. 1 Geometry of a multiple scattering event in a linearly birefrin-
gent turbid medium.
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The diffuse reflectance, the Stokes parameters, and the degr
of polarization~DOP! of backscattered photons from turbid
media with birefringence will also be analyzed. The final sec-
tion will present the conclusions.

2 Monte Carlo Algorithm
The following Monte Carlo analysis of multiple scattering
events of light in turbid media is based on the radiative theory
It is assumed that the scattering event of light is independen
and has no coherence effects. In addition, we assume that a
of the linearly birefringent tissue can be looked on as a
uniaxial material with the slow axis~the orientation with
higher refractive index! along the direction of the collagen
fibers and the fast axis~the orientation with lower refractive
index! along the cross section. Scattering is assumed to b
caused by the spherical particles that randomly suspen
among the birefringent media. The birefringent effect of the
considered medium is homogeneous everywhere in th
sample, which means that, for different positions in the
sample, the birefringent orientation and the birefringent value
are the same. The geometry of a multiple scattering event i
shown in Figure 1. A narrow pencil beam propagates into a
plan-parallel birefringent turbid medium downward along the
z axis. In this figure, we assume that the direction of the slow
axis of the linear birefringence is along thex axis. Photons are
scattered in the medium by spherical particles, therefore Mie
theory can be used to describe the scattering events. Diffuse
backscattered photons are recorded as a function of~x,y! on
the upper surface of the medium.

A Stokes vectorS0 describes the polarization state of the
incident photon packet. An individual photon packet propa-
gates in the turbid medium until it is scattered by a spherica
particle. The transport path lengths between two adjacent
scatters is randomly sampled according tos52 ln(j)/mT ,
where j is the random number between 0 and 1, andmT

5ma1ms is the interaction coefficient. At each scattering
point, an individual photon packet will drop part of its energy
280 Journal of Biomedical Optics d July 2002 d Vol. 7 No. 3
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and the loss is represented byDw5w3ma /mT , wherew is
the weight of the photon packet before the scattering even
a scattering event, the photon packet will select a polar an
Q and an azimuthal anglef to decide the orientation of the
next step. The anglef is positive for a counterclockwise ro
tation. Once the polar angleQ and the azimuthal anglef are
known, the Stokes vector of the photon packet in the n
local coordinate system is given by

S95M ~Q!R~f!S8, ~1!

where

R~f!5F 1 0 0 0

0 cos~2f! 2sin~2f! 0

0 sin~2f! cos~2f! 0

0 0 0 1

G , ~2!

M ~Q!5F a~Q! b~Q! 0 0

b~Q! a~Q! 0 0

0 0 d~Q! 2e~Q!

0 0 e~Q! d~Q!

G . ~3!

S8 andS9 are the Stokes vectors before and after the sca
ing event, respectively.R is the rotation matrix that connect
the two Stokes vectors that express the same polarization
of the photon packet in two different reference planes. O
reference plane coincides with another after it rotates an a
f around the propagation direction of the photon packet.M is
the single scattering matrix deduced from Mie theory, wh
is expressed in detail in Appendix A.

The polar angleQ and the azimuthal anglef are not uni-
formly distributed between@0,p# and @0,2p!. Sampling ofQ
andf depends on the probability density function~PDF! of Q
andf that is a function of the incident Stokes vector

S5F
S3

S2

S1

S0G
r~Q,f!5a~Q!1b~Q!@S1 cos~2f!1S2 sin~2f!#/S0 .

~4!

Detailed sampling equations forQ and f are shown in Ap-
pendix B.

The anisotropic background refractive index around
scattering spheres may slightly change the distributions of
polar angleQ and the azimuthal anglef. However, the bire-
fringence valued in biological tissue is quite weak~normally
less than131022!, ignoring its perturbation on the PDF ofQ
andf is reasonable. Therefore, the birefringent effect on
polarization is only considered during the paths of light b
tween scattering events.

A photon propagates a random distances in a linearly bi-
refringent turbid medium between two adjacent scatter
events. The birefringent effect of the considered medium d
ing these discontinuous steps can be looked at as linea
tarders with two parameters,D andb, as shown in Eq.~5!
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T~D,b!5F 1 0 0 0

0 C4 sin2~D/2!1cos2~D/2! S4 sin2~D/2! 2S2 sin~D!

0 S4 sin2~D/2! 2C4 sin2~D/2!1cos2~D/2! C2 sin~D!

0 S2 sin~D! 2C2 sin~D! cos~D!

G
C25cos~2b!,C45cos~4b!,S25sin~2b!,S45sin~4b!. ~5!
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b is the azimuthal angle of the birefringent slow axis on the
x–y plane in the local coordinate system of the propagating
photon.D is the retardation, which can be obtained by

D5~Dn!
2ps

l8
, ~6!

where Dn is the difference between the maximum and the
minimum refractive indices of the plane perpendicular to the
propagation direction of the photon packet,s is the step
length, andl8 is the wavelength of light in the sample me-
dium. When the anglea between the slow axis of birefrin-
gence and the propagation direction of the photon packet i
known,Dn can be expressed by

Dn5
nsnf

A~ns cosa!21~nf sina!2
2nf . ~7!

The termsns andnf are the refractive indices along the slow
axis and the fast axis of the birefringent medium that satisfy
the relationshipns5nf1d, whered is the linear birefringence
value.

Having identified the process of a single step of the photon
packet in the birefringent turbid medium, we can express the
Stokes vector of a photon packet diffusely reflected after i
has been scatteredn times in the turbid medium

Sn
bs~x8,y8;ms ,ma ,d!

5@ms /~ma1ms!#
n3R~fL!T~Dn ,bn!M ~Qn!

3R~fn!...T~D1 ,b1!M ~Q1!R~f1!T~D0 ,b0!S0 ,

~8!

whereS0 andSn
bs represent the Stokes vectors of the incident

and the backscattered photons, respectively;ms , ma are the
scattering and absorption coefficients, respectively;d is the
linear birefringence value;(x8,y8) is the detection point on
the upper surface of the turbid medium in the laboratory co
ordinate;@ms /(ma1ms)#n expresses the remaining energy af-
ter the photon has been scatteredn times; T(D i ,b i) ( i
50,1,...n) describes the birefringent effect on the photon
packet during each period of path;M (Q i) ( i 51,2,...n) de-
scribes each single scattering event during propagation
R(f i) ( i 51,2,...n) is the rotation matrix that connects the
reference plane and the scattering plane for each scatterin
event;R(fL) is the rotation matrix that transforms the Stokes
vector of the photon in the local coordinate system to the
Stokes vector in the laboratory coordinate system. In ou
Monte Carlo simulation, a local coordinate system is propa
gated together with the Stokes vector of the photon packe
;

g

.

After each scattering event, the local coordinate system a
according to the polar angleQ and the azimuthal anglef.
When a photon packet exits the surface of the sample
azimuthal anglefL will be calculated, from which the Stoke
vector can be transformed back to a laboratory coordin
system.

In Monte Carlo simulations, a large number of independ
photon packets will be launched to obtain average detec
signals. For a certain detection point on the surface of
medium, the Stokes vector for backscattered light should
the sum of the Stokes vectors of all of the photon packets
escaped the medium from this point

Ssum
bs ~x,y;ms ,mT ,d!5(

i 51

num

Si ,n
bs ~r,f;ms ,mT ,d!, ~9!

where num is the number of photon packets exited from t
point.

3 Development of Double-Scattering Model
Rakovic and Kattawar demonstrated a relatively simple a
lytical method, a double-scattering model, to analyze the
larization patterns of diffusely reflected light.10 Their analyses
revealed that double scattered photons can qualitatively
dict the polarization patterns of diffusely backscattered lig
from turbid media. With this technique, most polarizatio
characteristics of a sample can be effectively expres
through analytic equations. By adding the linear birefr
gence, we have developed a double-scattering algorit
which can be used to predict the polarization patterns of li
diffusely reflected from birefringent turbid media.

The geometry of a double-scattering event is shown
Figure 2, which is similar to Figure 1 except that only photo
that have been scattered twice are counted. The Stokes ve
of the backscattered photons can be written as

S2
bs~r,f!5ms

2E
2h

0 E
2h

0 dz1dz2

r 2 $exp@2mT~ uz1u1uz2u1r !#

3T2~D2 ,b2!R~f!M ~p2Q!T1~D1 ,b1!

3M ~Q!R~f!T0~D0 ,b0!S0%, ~10!

where r 5@r21(z2z8)2#1/2, Q5tan21@(r/z2z8)#, h is the
thickness of the sample.

On the condition that the slow axis of the birefringence
along thex axis in the laboratory coordinate,

D05d
2pz1

l8
, D15d8•

2pr

l8
, D25d•

2pz2

l8
, ~11!
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Fig. 2 Geometry of a double-scattering event.
-
-

s

e

c

b05b250, b15tan21S cosQ sinf

cosf D , d5ns2nf .

~12!

The termd8 can be expressed as

d85
nsnf

A~ns cosa!21~nf sina!2
2nf , ~13!

where

a5cos21~sinQ sinf!. ~14!

When the radius of the scattering spheres in the turbid
media is small~in the case of Rayleigh scattering!, the param-
eters in matrixM can be expressed as

a~Q!5
3

16p
~11cos2 Q!, b~Q!5

3

16p
~211cos2 Q!,

~15!

d~Q!5
3

8p
cosQ, e~Q!50.

By applying the above Eqs.~10!–~15!, we can arrive at the
analytic expressions of the azimuthal patterns of the 16 Muel
ler matrix elements of backscattered light as shown in Appen
dix C.

The 16 matrix patterns of backscattered light calculated by
our double-scattering model are shown in Figures 3~a! and
3~b! for a birefringent turbid medium and an isotropic turbid
medium, respectively, where each map shows the spatial di
tribution of a Mueller matrix element in gray scale. These
figures show comparable results with those simulated by th
Monte Carlo algorithm shown in Figure 4, where the scatter-
ing coefficientms is 100 cm21; the absorption coefficientma
is 0.1 cm21; the refractive indices of the background medium
are 1.330 and 1.335 along the fast and slow axes, respe
tively; the wavelength of the lightin vacuo is 594 nm. Each
matrix element in Figure 3 is a two-dimensional image of the
medium surface with the light being injected in the center,
0.230.2 cm2 in size.
282 Journal of Biomedical Optics d July 2002 d Vol. 7 No. 3
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Fig. 3 Mueller matrices of light backscattered from (a) a slab of lin-
early birefringent turbid medium and (b) a slab of isotropic turbid
medium, which is simulated by the double-scattering model. The
slow axis of the birefringent medium is along the x axis in the labo-
ratory coordinate.
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Propagation of Polarized Light in Birefringent Turbid Media . . .
Fig. 4 Monte Carlo simulated Mueller matrices of light backscattered
from (a) a slab of linearly birefringent turbid medium and (b) a slab of
isotropic turbid medium. The slow axis of the birefringent medium is
along the x axis in the laboratory coordinate. Size of each map is
0.0630.06 cm2.
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4 Results
4.1 Mueller Matrix Patterns
Monte Carlo simulated Mueller matrix patterns of light back-
scattered from a linearly birefringent turbid medium and an
isotropic turbid medium are shown in Figures 4~a! and 4~b!,
respectively, where each map shows the spatial distribution o
a Mueller matrix element in banded gray scale. The slow axis
f

of the birefringent medium is along thex axis in the labora-
tory coordinate. The birefringence valued is 1.031023. The
refractive indices of the birefringent medium along the slo
axis and the fast axis are 1.331 and 1.330, respectively.
the isotropic sample with no birefringent effect, the refracti
index of the medium is 1.330. Other parameters of the t
media are the same: the radius of scattering spheres is
nm; the refractive index of scatterers is 1.57; the wavelen
of the light in vacuois 594 nm; the absorption coefficientma

is 1 cm21; the scattering coefficientms is 90 cm21; the thick-
ness of the medium slab is 0.2 cm; the anisotropic factorg is
calculated to be 0.9; and the size of each picture in Figure
0.0630.06 cm2. The main characteristic of every Muelle
matrix element in Figure 4 is similar to that of the correspo
dent map in Figure 3, including the shape as well as the
tribution of positive and negative areas. The small discrep
cies between Figures 3 and 4 result mainly from the multi
scattering events in the turbid medium that cannot be
pressed through the double-scattering model.

The linear birefringence in turbid media variously alte
the polarization states of photons according to their trajec
ries of propagation. Moreover, the sampling of scattering
rection ~expressed by the polar angleQ and the azimuthal
angle f! in the single scattering event is a function of th
polarization state of the photon being scattered, as show
Eq. ~4!. Therefore, the linear birefringence in the turbid m
dium leads to changes in the spatial intensity distributions
the Mueller matrices of diffusely reflected light. The vari
tions of seven elements,m14, m24, m34, m41, m42, m43, and
m44, among the 16 Mueller matrix elements are most obvio
because the transformation between circular polarization s
and linear polarization state in the turbid medium is enhan
by the linear birefringence. The shapes and contrasts in
patterns of these seven elements are highly dependent o
birefringence valued as well as the orientation of birefrin
gence. With the parameters in Figure 4, the shapes ofm14,
m24, m34, andm44 are similar to those form13, m23, m33,
andm43, respectively, though the contrasts in the patterns
different.

It is expected that the pattern of the matrix elementm44 is
no longer rotationally symmetric but depends on the a
muthal angles on thex–y plane in the laboratory coordinate
Because of the direction of the birefringence, the loss of
degree of circular polarization~DOCP! depends on the trajec
tory of individual photon. The statistical distribution of th
change in circular polarization in the birefringent turbid m
dium can be observed from the spatial intensity pattern
DOCP of the backscattered light. For turbid media with t
birefringent slow axis orientated along thex axis,y axis, 45°
on thex–y plane, andz axis, the DOCP patterns of the bac
scattered light have different azimuthal distributions,
shown in Figures 5~a!–5~d!, respectively. Where the inciden
light is right-circularly polarized, the thickness of the mediu
slab is set to be 0.1 cm; the other parameters are the sam
those used for Figure 4. Conversely, the intensity pattern
the backscattered light can provide particular informati
about the birefringence in the turbid medium for subsurfa
imaging.
Journal of Biomedical Optics d July 2002 d Vol. 7 No. 3 283
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Wang and Wang
Fig. 5 DOCP patterns of backscattered light from a linearly birefrin-
gent turbid medium with the slow axis along the (a) x axis, (b) y axis,
(c) 45° angle on the x –y plane, and (d) z axis, respectively. The inci-
dent light is right-circularly polarized.
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4.2 Birefringent Effect on the Diffuse Reflectance
for Unpolarized Incident Light
We know that linear retarders will not cause any change in th
Stokes vector of unpolarized light. However, once unpolar-
ized photons have been scattered by scattering particles, th
will present partial polarization states, which depends on the
scattering angle in a single scattering event. On the conditio
that the sample is made of spherical particles suspended in a
isotropic medium without the birefringent effect and the inci-
dent light is unpolarized, the statistical DOP of the backscat
tered photons remains zero, even though the spatial distribu
tions of the polarization may present patterns, for instance, th
pictures of elementsm11, m21, m31, andm41 shown in Fig-
ure 4~b!. With the linear birefringence in a turbid medium, the
statistical DOP of backscattered photons may no longer b
zero, because the linear birefringence destroys the isotrop
property of the medium and has different effects on the polar
ized photons with different trajectories. In Figure 6, we
present the DOP of total backscattered light from a linearly
birefringent turbid medium for different birefringence values
d, where the Stokes vectors of all the backscattered phot
packets are summed up before the simulation of DOP. Th
the
ly.
m

nt

t
t
e

the
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incident light is unpolarized and the direction of the birefri
gent slow axis is along thex axis in the laboratory coordinate
ma and ms are set to be 1 and 90 cm21, respectively. Under
this condition, when the birefringence valued is 231023, the
DOP of backscattered light increases to nearly 0.1.

Because of the discrepancy of the birefringent effect
polarized light with different propagation orientation and d
ferent polarization states, and because of the spatial distr
tion of polarization after single scattering events in the M
regime, for unpolarized incident light, the intensity distrib
tion of the diffuse reflectance from the birefringent turbid m
dia may no longer be circularly symmetric. Instead, it depen
on the azimuthal angle as well as the orientation of the lin
birefringence in the medium. This is a reasonable explana
for the phenomenon observed in our previous experimen17

In that work, oblique-incidence reflectometry was adopted
measuring the apparent absorption and reduced-scatterin
efficients along different directions in the sample according
the orientation of tissue fibers. Because of the linear biref
gence caused by muscle fibers, the spatial distributions of
diffuse reflectance were not equal for the probe aligned a
~parallel! and 90° ~perpendicular! to the orientation of the
muscle fibers. Therefore, calculations based on diffus
theory demonstrated different optical parameters of chic
breast tissue along different orientations. In that experim
on a chicken breast sample with birefringent effect, when
wavelength of the incident lightin vacuo was 450 nm, the
detected absorption coefficientma for the probe aligned at 0°
was smaller than that with the probe aligned at 90°, while
detected reduced-scattering coefficientms8 for the probe
aligned at 0° was bigger than that with the probe aligned
90°. For a turbid medium with a birefringent value equal to
~nonbirefringent turbid media!, the detectedma and ms8 are
independent of the orientation of the detection probe. W
our Monte Carlo algorithm for birefringent turbid media, w
can imitate the method adopted in the experiment. As sho
in Figure 7~a!, a beam of unpolarized light was oblique
injected upon a linearly birefringent turbid medium, where t
direction vector of the beam is(&/2,0,&/2) in the laboratory
coordinate; the birefringence valued is 0.01; the refractive
index of the medium along the fast axis is 1.330; the refr
tive index of scatterers is 1.57; the radius of the scatter
spheres is 280 nm; and the wavelength of lightin vacuois 450
nm. The slow axis of the birefringence was set to be along
x axis and they axis in the laboratory coordinate, respective
After multiple scattering events, photons exiting the mediu
from the area near thex axis were collected for measureme
of the spatial distribution of diffuse reflectance along thex
axis. Through calculation,Dx1 is 0.1 cm andDx2 is 0.19 cm
for the slow axis of birefringence along thex axis andy axis,
respectively, as shown in Figure 7~b!. Using the algorithm
developed by Wang and Jacques,18 we calculated the apparen
absorption coefficientma and reduced-scattering coefficien
ms8 for the sample with the birefringent slow axis along th
two orientations, respectively. When the slow axis is along
x axis, the absorption coefficientma is 0.13 cm21 and the
reduced-scattering coefficientms8 is 14.10 cm21. When the
slow axis is along they axis,ma is 0.25 cm21 andms8 is 6.98
cm21. It is obvious that when the detection points aligned
0° with respect to the slow axis, the simulatedma andms8 are
Fig. 6 DOP of backscattered light from a slab of linearly birefringent
turbid medium for unpolarized incident light as a function of the bi-
refringence value d.
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Fig. 7 (a) Schematic representation of obliquely incident light upon a
birefringent turbid medium. The direction vector of the incident light
is @ (&/2,0,&/2)# in the laboratory coordinate. For comparison, the
slow axis of the birefringent medium is along the x axis and y axis,
respectively. (b) Monte Carlo simulated distribution of the diffuse re-
flectance of light along the x axis on the surface of the turbid medium.
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smaller and bigger, respectively, than the simulated results fo
the detection points aligned at 90°. The relative changes inma

andms8 are in good agreement with the results observed in th
experiment.

We know that the refractive index of the medium is higher
along the length of fibers than along the cross section. There
fore, the scattering cross section of fibers is anisotropic, whic
affects the distribution of the light after a scattering event and
then changes the result of spatial distribution of the diffuse
reflectance. Since the birefringence valued in biological tis-
sue is quite weak, it is reasonable to ignore the perturbation o
the anisotropic scattering cross section on the spatial distribu
tion of the scattering angle for each scattering event. There
fore, we assume that the main effect of the birefringence on
the polarization states comes from phase retardation durin
the light propagation between adjacent scattering events. Ou
simulations based on this assumption show that the birefrin
gence effect between adjacent scattering events at least par
explains the phenomenon that linear tissue birefringence a
ters the diffuse reflectance of unpolarized incident light.

4.3 Birefringent Effect on the Diffuse Reflectance
for Polarized Incident Light
In general, when a polarized light is projected upon a turbid
medium, the DOP of the backscattered photons decreases w
r

-

f
-
-

r

ly
-

h

an increase in the order of scatters during propagatio19

which is the reason why backscattered light from a high
scattering turbid medium is partially polarized with a lo
DOP. We calculated the DOP of photons that have been s
teredN ~N is from 1 to 90! times in an isotropic turbid me-
dium for linear and circular incident polarizations, respe
tively, as shown in Figure 8~a!. Figure 8~b! shows the
proportion in the backscattered light energy for photons t
have been scatteredN times, where the wavelength of lightin
vacuo is 450 nm, the refractive indices of the medium a
scattering spheres are 1.33 and 1.57, respectively; the ra
of scattering spheres is 350 nm,ms is 90 cm21; ma is 1 cm21;
and g is calculated to be 0.9. In order to imitate the actu
situation in the experiment, we set the receiving angle of
photon detector to be less thancos21(0.85). For linear inci-
dent polarization, the DOP of light backscattered from a h
scattering turbid medium comes mainly from photons th
have been scattered less than ten times; while for circ
incident polarization, the DOP comes mainly from photo
that have been scattered 10–30 times. From Figure 8~a! we
can see that the circularly polarized photons keep their po
ization state better than the linearly polarized photons a
multiple scattering. With the above parameters, the size fa
ka is calculated to be 6.5 and the scattering events are in
MIE regime. This result coincides with the analysis of Bico
et al. for the multiple scattering on condition thatka@1.3

Fig. 8 (a) DOP and (b) normalized energy proportion of backscattered
photons as functions of the order of scatters N for linear and circular
incident polarizations.
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Fig. 9 DOP of backscattered light from a turbid medium with different
birefringence value d. The slow axis of the birefringence is along the x
axis in the laboratory coordinate. States of incident light are right-
circularly polarized and linearly polarized with the orientation of po-
larization parallel, perpendicular and at 45° angle according to the
slow axis of the birefringence, respectively.
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Birefringence in a turbid medium alters the polarization
states of photons propagating in it. In the Mueller matrix
shown in Eqs.~5!–~7!, b and D are two parameters deter-
mined by the step length, the local coordinate of the photon
as well as the orientation andd of the linear birefringence.
The step length, orientation, and the local coordinate of pho
ton propagating in a highly scattering turbid medium are ran
domly sampled; thereforeb and D in the T matrix between
two scattering events are also randomized. For the backsca
tered photons after multiple scattering in turbid media, the
statistical effect of linear birefringence on the initially polar-
ized light is depolarization.

Figure 9 shows the DOP of total backscattered light versu
the linear birefringence valued for different incident polariza-
tions, where the orientation of the birefringent slow axis is
along thex axis in the laboratory coordinate system. Because
the DOP of backscattered light for circular incident polariza-
tion comes mainly from photons scattered 10–30 times an
because of the depolarization of the birefringent effect on the
multiply scattered photons in the turbid medium, the DOP of
backscattered light tends to approach zero as thed increases.

It is interesting that the curves of simulated DOP for back-
scattered light versus the birefringence valued are different
for linearly polarized incident light with the polarization axis
oriented at different angles on thex–y plane. When the polar-
ization axis for the incident light is oriented at 0° or 90°, the
DOP of diffusely reflected light does not change significantly
when d increases. While the polarization axis is oriented at
45°, the DOP of diffusely reflected light decreases and tend
to approach zero asd increases.

We have shown that the DOP of backscattered light for
linearly polarized incident light comes mainly from the low-
scattered photons, for example, the photons that have bee
scattered twice. Let us enter

F 1
1
0
0
G , F 1

21
0
0
G or F 1

0
1
0
G ,
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t-

n

respectively, into Eq.~10! for S0 . Next, we integrateS2
bs, the

Stokes vectors of double scattered photons in the labora
coordinate system, over the azimuthal anglefP@0,2p) and
the radiusrP@0,r0# that describe the detected sample surfa
around the incident point. After reasonable simplificati
whend is large enough, the DOP of all of the double scatte
photons for the linearly polarized incident light with the p
larization axis oriented along thex axis ory axis tends to be

DOP2
bs5E

0

r0

drE
0

2p AS1
2~r,f!1S2

2~r,f!1S3
2~r,f!

S0~r,f!
df

'E
0

r0
E

2h

0 E
2h

0 dz1dz2

r 2 $exp@2mT~ uz1u1uz2u1r !#•b~Q!b~p2Q!

E
2h

0 E
2h

0 dz1dz2

r 2 $exp@2mT~ uz1u1uz2u1r !#•a~Q!a~p2Q!

3drE
0

2p

cos2~2f!df, ~16!

which is a constant not equal to zero and independent od.
When the linear incident polarization is oriented along 45°
thex–y plane, we can determine by deduction that the DOP
the total double-scattered photons tends to be zero whed
increases. Moreover, we find that through analytic deduct
other low-scattered photons present similar results. For a
bid medium with linear birefringence~the birefringent slow
axis is along thex axis in the laboratory coordinate!, the DOP
of total backscattered light versus the orientation of the po
ization ~from 0° to 180°! of the incident light is shown in
Figure 10. The peak of the DOP appears when the polar
tion of the incident light is oriented at 0°, 90°, or 180° on th
x–y plane while the lowest value appears when the polar
tion is oriented at 45° or 135°.

4.4 Comparison with OCT Results
Depth-resolved monitoring of tissue birefringence is accur
using polarization-sensitive OCT. With our Monte Carlo alg
rithm for photon propagation in birefringent turbid media, w
can explain the experimental results obtained previously
explore new optical phenomena in fibrous tissues. In orde
imitate the actual situation of OCT, we only count the low
scattered photons~order of scatters less than 2! for SOCT

bs

5@S0 ,S1 ,S2 ,S3#T, the detected Stokes vectors of backsc
tered light. The wavelength of lightin vacuois 450 nm;ms is

Fig. 10 DOP of backscattered light vs the orientation of the polariza-
tion (from 0° to 180°) of the linearly polarized incident light.
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Fig. 11 Stokes parameters of the light diffusely reflected from different
depths in the linearly birefringent turbid medium for (a) right-circular
incident polarization and (b) linear incident polarization with orien-
tation parallel, perpendicular and at 45° with the optical axis. For the
comparison with OCT results, only low-scattered photons are
counted.
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90 cm21; ma is 1 cm21; g is 0.9; and the receiving angle of the
photon detector is set to be less thancos21(0.95).

Figure 11 shows the simulated Stokes parameters of bac
scattered light from a birefringent turbid medium versus the
depth where the light is reflected. The birefringence valued is
set to be1.031023. For right-circular incident polarization,
several periods ofS2 andS3 , cycling back and forth between
1 and21, are shown in Figure 11~a!, which can be explained
by the periodic phase retardation caused by the birefringenc
during the light propagation. Figure 11~b! presents theS1 pa-
rameter for the linearly polarized incident light with the ori-
entation of polarization either parallel, perpendicular, or at a
45° angle in respect to thex axis in laboratory coordinate. For
the orientation of polarization along the 45° angle,S1 oscil-
lates with increasing depth of reflection because of the bire
fringent effect in the turbid medium. All of the results in Fig-
ure 11 are in good agreement with the OCT measuremen
obtained by de Boer, Milner, and Nelson.20 In their experi-
ments, right-circularly polarized light and three kinds of linear
polarized light were adopted to incident upon a birefringent
tissue, respectively. Then the Stokes parameters with respe
to the depth were measured. The profiles of Stokes param
eters,S2 , S3 , for right-circularly polarized incident light, and
S1 for linearly polarized incident light orientated at the 45°
angle all presented oscillations with increasing sample dept
as expected for a linear birefringent sample.
-

s

t
-

Figures 12~a! and 12~b! show the Stokes parameters of th
backscattered light changing with the intensity of birefri
gence valued for right-circular and linear incident polariza
tions, respectively, where only the photons reflected from
certain depth~0.05–0.06 cm! in the turbid medium are
counted.

5 Conclusions
Tissue birefringence caused by fibrous structures is a com
phenomenon in biological samples. For polarization-sensi
optical imaging of biological tissue, detailed study of the p
larization characteristics of birefringent turbid media is ne
essary. Based on some reasonable simplification, the M
Carlo algorithm for the simulation and analysis of the mu
tiple scattering events of polarized light in linearly birefrin
gent turbid media is developed. Simulated spatial pattern
Mueller matrices, spatial patterns of DOP, diffuse reflectan
DOP and Stokes parameters of backscattered light for dif
ent birefringent parameters of media as well as different in
dent polarizations are presented and analyzed in this pa
Some of the results are in good agreement with the phen
enon observed in former experiments, which provides a th
retical basis and explanation for the experimental study of
polarization characteristics of birefringent tissues.

Fig. 12 Stokes parameters of the backscattered light from a turbid
medium with different birefringence value d for (a) right-circular inci-
dent polarization and (b) linear incident polarization with the orien-
tation parallel, perpendicular, and at 45° with the optical axis. For
comparison with OCT results, only low-scattered photons are
counted.
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Wang and Wang
The Monte Carlo algorithm presented in this paper is base
on a specific model, which outlines Mie scattering of light by
spherical scatterers in a homogeneous background birefrin
gent medium. The general trends of the results obtained in th
paper illustrate the general nature of polarized light behavio
in a scattering birefringent medium but do not specifically
match the behavior of a specific tissue. The theoretic stud
presented should contribute to the understanding of the esse
tial physical processes of polarized light propagation in bire-
fringent tissues. Some of the polarization characteristics o
backscattered light from birefringent turbid media are ob-
served for the first time, which can provide potential methods
for use in actual subsurface tomography of fibrous tissues. I
real tissues, the characteristics of birefringence and the sca
ters are much more complicated. The birefringent orientation
and the birefringent value may be different for the various
layers in the tissue. When this is the case, the assumption
this paper that the birefringent effect of the considered me
dium is homogeneous will not hold. However, by using the
method introduced in this paper and by dividing the sample
into many layers according to the birefringent effect, we can
still study those birefringent tissues with complicated
structures.21 Because of the nature of the Monte Carlo simu-
lation, coherent phenomena cannot be modeled using th
method presented in this paper. However, this simulation o
polarized light propagation in birefringent turbid media can be
applied in the noncoherent regime or in cases where cohere
effects are removed.
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Appendix A
Based on the Mie theory, the single scattering matrix is ex
pressed as

M ~Q!5F a~Q! b~Q! 0 0

b~Q! a~Q! 0 0

0 0 d~Q! 2e~Q!

0 0 e~Q! d~Q!

G ,

whereQ is the scattering polar angle and

a~Q!5 1
2 ~ uS2u21uS1u2!, b~Q!5 1

2 ~ uS2u22uS1u2!,
~A1!

d~Q!5 1
2 ~S2S1* 1S1S2* !, d~Q!5

i

2
~S2S1* 2S1S2* !.

S1(Q) andS2(Q) are obtained from
288 Journal of Biomedical Optics d July 2002 d Vol. 7 No. 3
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-

t-

e

t

S1~Q!5 (
n51

`
2n11

n~n11!
~anpn cosQ1bntn cosQ!,

~A2!

S2~Q!5 (
n51

`
2n11

n~n11!
~bnpn cosQ1antn cosQ!.

Parameters in Eq.~A2! are shown as follows:

an5
Sn8~y!Sn~x!2nrelSn~y!Sn8~x!

Sn8~y!zn~x!2nrelSn~y!zn8~x!
,

bn5
nrelSn8~y!Sn~x!2Sn~y!Sn8~x!

nrelSn8~y!zn~x!2Sn~y!zn8~x!
,

~A3!

pn5
~2n21!cosQ

n21
pn212

n

n21
pn22 ,

tn5n cosQpn2~n11!pn21 ,

wherenrel5ns /nb ~ns is the refractive index of the scatterin
spheres andnb is the refractive index of the background m
dium!, p151, p253 cosQ, t15cosQ, andt253 cos(2Q).
Sn(z), Sn8(z), zn(z) can be obtained from

Sn~z!5S pz

2 D 1/2

Jn10.5~z!,

Sn8~z!5S p

8zD
1/2

Jn10.5~z!1S pz

2 D 1/2

Jn10.58 ~z!, ~A4!

zn~z!5Sn~z!1 iCn~z!,

where

Cn~z!52S pz

2 D 1/2

Nn10.5~z!,

~A5!

Cn8~z!52S p

8zD
1/2

Nn10.5~z!2S pz

2 D 1/2

Nn10.5~z!.

Jn10.5(z) is the Bessel function of the 1st kind~the order is
n10.5! andNn10.5(z) is the Bessel function of the 2nd kin
~the order isn10.5!.

Appendix B
The combined PDF function of the polar angleQ and the
azimuthal anglef is

r~Q,f!5a~Q!1b~Q!@S1 cos~2f!1S2 sin~2f!#/S0 ,
~B1!

wherea(Q) andb(Q) can be calculated from the equation
Appendix A. Polar angleQP@0...p# and a(Q) satisfies the
following normalization requirement:

2pE
0

p

a~Q!sin~Q!dQ51. ~B2!
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Propagation of Polarized Light in Birefringent Turbid Media . . .
Sampling ofQ can be fulfilled from Eq.~B2!. The cumulative
distribution function~CDF! function ofQ can be expressed as

P$0<u<Q%52pE
0

Q

a~u!sin~u!du5j, ~B3!

wherej is a random number normally distributed between 0
and 1. WhenQ is known, the azimuthal anglef between@0,
2p# can be sampled according to the PDF function

ru~f!511
b~Q!

a~Q!

@S1 cos~2f!1S2 sin~2f!#

S0
. ~B4!

Through the accumulation of the above PDF from 0 tof,
CDF of f has the expression

P$0<w<f%

5

E
0

f H 11
b~Q!

a~Q!

@S1 cos~2w!1S2 sin~2w!#

S0
J dw

E
0

2p H 11
b~Q!

a~Q!

@S1 cos~2w!1S2 sin~2w!#

S0
J dw

5
1

2p H f1
b~Q!

a~Q! FS1 sin 2f1S2~12cos 2f!

2S0
G J 5j,

~B5!

wherej is a random number normally distributed between 0
and 1.

In order to expedite the simulation, the CDF results for
QP@0, p# and fP@0, 2p# are simulated according to Eqs.
~B3! and~B5! before launching the first photon packet, where
the step sizes of the two angles are bothp/1000 in our simu-
lation. WhenQ increases from 0 top ~or whenf increases
from 0 to 2p!, the CDF ofQ ~or the CDF off! increases
from 0 to 1. In each sampling ofQ or f, we first obtain a
random numberj. Then, we find the correspondent angleQ or
anglef by sorting the CDF result of the angle.

Appendix C
The expressions of Mueller matrix patterns of backscattere
light from birefringent turbid media are much more compli-
cated than those for isotropic turbid media. After simplifica-
tion, azimuthal functions of the 16 backscattering Mueller
matrix elementsmi j ( i , j 51,2,3,4) can be expressed as

m115uA11~r,d!u,

m125uA12~r,d!u•cos~2f!,

m1352uA13~r,d!u•sin~2f!,

m1452uA14~r,d!u•sin~2f!,

m215uA21~r,d!u•cos~2f!,

m225uA22~r,d!u•cos~4f!1uB22~r,d!u,

m2352uA23~r,d!u•sin~4f!,
m2452uA24~r,d!u•sin~4f!,

m315uA31~r,d!u•sin~2f!, ~C1!

m325uA32~r,d!u•sin~4f!,

m33uA33~r,d!u•cos~4f!2uB33~r,d!u,

m345uA34~r,d!u•cos~4f!2uB34~r,d!u,

m4152uA41~r,d!u•sin~2f!,

m4252uA42~r,d!u•sin~4f!,

m4352uA43~r,d!u•cos~4f!1uB43~r,d!u,

m4452uA44~r,d!u•cos~4f!1uB44~r,d!u.

All of the coefficientsAi j and Bi j are functions ofr ~the
source-detector distance! and linear birefringence valued,
which are independent with the azimuthal anglef.
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